In this paper we consider the state of plane strain in an elastic material with voids occupying a rectangular strip. Such a strip is maintained in equilibrium under selfequilibrated traction and equilibrated force applied on one of the edges, while the other three edges are traction-free and subjected to zero volumetric fraction or zero equilibrated force. Our aim is to derive some explicit spatial estimates describing how some appropriate measures of a specific Airy stress function and volume fraction evolve with respect to the distance to the loaded edge. The both cases of homogeneous and inhomogeneous poroelastic materials are considered. The results of the present paper prove how the spatial-decay rate varies with the constitutive profile.
Introduction
The mechanics of porous media has been a subject of intensive study. Nunziato and Cowin [1, 2] have established a theory of elastic materials with voids for which the bulk density is written as the product of two fields, the density field of the matrix material and the volume fraction field. The intended applications of the theory are to elastic bodies with small voids or vacuous pores which are distributed throughout material. The theory of elastic materials with voids was explored in various papers (see, for example, Cowin and Puri [3] , Cowin [4] , Iesan [5] ).
In the linear theory of isotropic elastic materials with voids the deformation of right cylinders has been the subject of various investigations. Cowin and Nunziato [2] have established the solution of the pure bending of a cylinder made of a homogeneous and isotropic elastic materials with voids. Saint-Venant's principle in the theory of elastic materials with voids has been studied by Batra and Yang [6] . A general treatment of Saint-Venant's problem for homogeneous and isotropic porous elastic cylinders has been presented by Dell'Isola and Batra [7] , while Ghiba [8] considers the case of anisotropic materials with voids. This paper considers a rectangular strip consisting of an isotropic poroelastic material in an equilibrium state of plane strain under self-equilibrated traction and equilibrated force applied on one of the edges, while the other three edges are traction-free and subjected to zero volumetric fraction or zero equilibrated force. The formulation of the problem is given in terms of a specific Airy stress function and of the volumetric fraction, that is a differential system of fourth order for the Airy stress function and second-order for the volumetric fraction with specific boundary conditions. Some integral identities are established leading to a measure associated with the Airy stress function and the volumetric fraction that satisfies a second-order differential inequality. Our aim is to derive some explicit spatial estimates describing how some appropriate measures of a specific Airy stress function and volume fraction evolve with respect to the distance to the loaded edge. The integration of the second-order differential inequality proves how the measure evolves with respect to the distance to the loaded edge. The both cases of homogeneous and inhomogeneous poroelastic materials are considered.
Spatial-decay estimates in two-dimensional elasticity date back to the seminal papers by Knowles [9, 10] . Comprehensive reviews of these and other spatial-decay estimates in elasticity may be found in [11] [12] [13] . The general methodologies used in these papers are due to Knowles [9, 10] and to Flavin and Knops [14] ; the formers deal with an inequality estimate for an energy-like measure, based on a differential-integral inequality, while the latter deals with an inequality estimate for a positive-definite cross-sectional measure, based on a second-order differential inequality estimate.
Basic equations
Throughout this section B is a bounded regular region of three-dimensional Euclidean space. We let B denote the closure of B, call ∂ B the boundary of B, and designate by n the outward unit normal of ∂ B. We assume that the body occupying B is a linearly elastic solid with voids. The body is referred to a fixed system of rectangular Cartesian axes O x i (i = 1, 2, 3).
Throughout this paper Latin indices have the range 1, 2, 3, Greek indices have the range 1, 2 and the usual summation convention is employed. We use subscripts preceded by a comma for partial differentiation with respect to the corresponding coordinate.
Let u be the displacement field over B, and let ϕ be the volume fraction field over B. The linear strain measure e ij is
given by
and the constitutive equations for a homogeneous and isotropic elastic solid with voids are [2] t ij = λe rr δ ij + 2μe ij + βϕδ ij ,
Here we have used the notations: t ij are the components of the stress tensor, h i are the components of the equilibrated stress vector, g is the intrinsic equilibrated body force, δ ij is Kronecker's delta and λ, μ, α, β and ξ are constant constitutive coefficients.
The equilibrium equations of the elastic material with voids are given by [2] t ji, j
where F is the body force vector per unit volume and G is the extrinsic equilibrated body force per unit volume. The surface force and the surface equilibrated force acting at a regular point x on the surface ∂ B are given by 4) where n j = cos(n x , O x j ) and n x is the unit vector of the outward normal to ∂ B at x.
Throughout this paper we suppose that the elastic moduli satisfy the restrictions imposed by the fact that the internal energy is a positive-definite quadratic form (see, for example [2, 5] ), i.e.
(2.5)
The plane strain state
We assume that the region B from here onwards refers to the interior of a right cylinder with the open cross-section Σ and the lateral boundary Π . The rectangular Cartesian coordinate frame is supposed to be chosen in such a way that the x 3 -axis is parallel to generators of B. We denote by Γ the boundary of Σ . We consider the plane strain, parallel to the
The above equation, in conjunction with the geometrical equation (2.1) and the constitutive equation (2.2) imply that e ij , t ij , h i and g are all independent of x 3 . It follows that the non-zero strain measures are given by
2)
The constitutive equations show that the relevant non-zero dependent constitutive variables are t αβ , h α and g and, moreover, we have t αβ = λe ρρ δ αβ + 2μe αβ + βϕδ αβ , (3. 3)
We assume that the body loads are independent of x 3 and that F 3 = 0. The equations of equilibrium (2.3) reduce to
The non-zero surface tractions acting at a point x on the curve Γ are given by
where n α = cos(n x , x α ) and n x is the unit vector of the outward normal to Γ at x. We suppose, for example, that on the lateral boundary are prescribed the surface tractiont and the volume fractionφ, so we have the following boundary conditions
For convenience we have to note that the state of plane strain has to satisfy the following compatibility condition e 11,22 + e 22,11 − 2e 12,12 = 0.
(3.9)
In view of the relation (2.5) from (3.3) we can obtain
(3.10)
Formulation of problem in terms of the Airy stress function and volume fraction
Throughout the paper a rectangular region R:
It is supposed to be occupied by an isotropic and homogeneous poroelastic material in an equilibrium state of plane strain, the edges x 1 = L, x 2 = 0, , being traction-free, the remaining edge being (necessarily) subject to a self-equilibrated load. Sometimes a semi-infinite rectangular strip is envisaged (L → ∞). We adopt the following notation: R x 1 denotes the sub-rectangle between abscissae (x 1 , L), R 0 denoting the entire rectangle.
The Airy stress function A(x 1 , x 2 ) is introduced to simplify the analysis, and is such that the (relevant) stress components t 11 , t 12 and t 22 are given by
(4.1)
Taking into account the absence of the body forces F α and the equilibrated body force G, the relations (3.3)-(3.6), (3.9), (3.10) and (4.1) leads to the following differential system in terms of the Airy stress function A(x 1 , x 2 ) and the volumetric
These hold in the rectangular region R 0 , while on its boundary the arbitrariness inherent in A(x 1 , x 2 ) may be used to give the simplified boundary conditions
and 5) in the case of a finite strip. As regards the volumetric fraction we will consider either ϕ = 0 on the edges x 2 = 0 and x 2 = , It is assumed throughout that A and ϕ are sufficiently smooth functions (e.g.
Spatial behavior for a homogeneous strip
We first form the identity 
Furthermore, we continue with the identity 
By combining the above identities we obtain
so we can introduce the function 8) and note that
(5.9)
In view of the end boundary conditions described by relations (4.5) and (4.8) from (5.8) we deduce I(L) = 0 and
and valid for A ∈ C 2 (R 0 ) such that A = A ,2 = 0 on the edges x 2 = 0, . By using the estimates (5.13) and (5.14) in conjunction with the Schwarz and arithmetic-geometric mean inequalities, we obtain
In view of the relations (5.10), (5.11), (5.12) and (5.15), from (5.8) we obtain the following second-order differential inequality 
with
(5.20)
On this basis we obtain 
(5.23)
Let us discuss the case of a semi-infinite strip, that is the case when L → ∞. To this end we set 
while the case (ii) proves the corresponding energetic measure is infinite. Thus, we have an alternative of a Phragmèn-Lindelöf type.
An isotropic and inhomogeneous strip
Throughout this section we suppose the strip to be occupied by a smoothly varying inhomogeneous isotropic poroelastic material in an equilibrium state of plane strain under self-equilibrated traction and equilibrated force applied on the edge x 1 = 0, while the other three edges x 1 = L, x 2 = 0, x 2 = are traction-free and subjected to zero volumetric fraction or zero equilibrated force. We introduce the notations
and we will consider the following types of inhomogeneities: where a superposed dot denotes the derivative with respect to x 2 . To these equations we associate the boundary conditions described in relations (4.4) to (4.8).
Inhomogeneous poroelastic material of type (i)
In this subsection we consider an inhomogeneous poroelastic material of the type (i):
and τ = τ (x 1 ) are smooth functions. To study the behavior of the solution (A, ϕ) of the differential system (6.2) with the boundary conditions (4.4)-(4.8), we introduce the function (6.4) and note that we have
(6.5)
In view of the relation (5.14) we can conclude that
In view of the end boundary conditions described by relations (4.5) and (4.8) from (6.4) we deduce J (L) = 0 and
Therefore, the relation (6.6) implies
The constitutive restriction (6.7) is assumed -as a minimum -henceforward, and, in these circumstances, the positive definiteness referred to, qualifies (6.4) as a suitable global measure of solution in R x 1 .
In what follows we will prove that it is possible to determine the positive parameters δ and γ so that (6.10) provided appropriate assumptions are imposed on the elastic coefficients. To this end we note that the relations (6.4), (6.5) and (6.8) give
Further, we assume 0 < δ < and note that relations (5.12) to (5.14) imply
At this instant we assume that the constitutive functions are so that (6.14) and then we choose δ so that 0 < δ < δ 1 ,
With these choices and by using the inequality (5.13), we have
Finally, we set 
Now we assume δ to be fixed so that (6.19) is satisfied. Then we choose γ so that (6.21) where
− ε (6.22) and hence (6.20) implies relation (6.10). Finally, we can integrate the differential inequality (6.10) by the same procedure used in treating (5.17) and so we obtain 0
where
For the case of a semi-infinite strip, that is the case when L → ∞, we set
so that we have the only two possibilities: (6.27) while the case (ii) proves the corresponding energetic measure is infinite.
Inhomogeneous poroelastic material of type (ii)
Throughout this subsection we consider an inhomogeneous poroelastic material for which 2 ) are smooth functions. To study the behavior of the solution (A, ϕ) of the differential system (6.3) with the boundary conditions (4.4)-(4.8), we introduce the function
and note that we have 
(6.31)
Whereas one cannot, in general, obtain κ 1 explicitly, we have the crude bound [16] 
Thus, by applying the inequality (6.30) in relation (6.29) we obtain In what follows we will prove that it is possible to determine the positive parameters σ and ω so that 
(6.41)
Now we choose ω so that 0 < ω < ω 0 , (6.42) where
Further, we use the inequality (6.30) in (6.41) to obtain (6.52) while the case (ii) proves the corresponding energetic measure is infinite.
Concluding remarks
This paper considers a rectangular strip consisting of a homogeneous or smoothly varying inhomogeneous isotropic poroelastic material in an equilibrium state of plane strain, three of its edges being traction-free and the fourth being subjected to a self-equilibrated in plane load. Some inequality estimates are derived reflecting the spatial behavior of the solution with respect to the distance from the loaded edge. Integration of the differential inequality shows that for a semiinfinite strip the total energy in a partial area grows at least exponentially with distance from the loaded edge of the strip. Conversely, when the total energy of the semi-infinite strip is assumed bounded, integration produces decay estimates. The grow and decay rates depend explicitly on the material constitutive coefficients. Neither zero volume fraction nor zero derivative with respect to x 2 of volume fraction on the edges x 2 = 0 and x 2 = are used in the previous analysis. However, when the zero volume fraction condition on the edges x 2 = 0 and x 2 = are assumed then the growth and decay rates can be refined.
It should be noted that the smoothly varying inhomogeneous poroelastic materials considered in the present paper provide a generalized model for the technologically important functionally graded materials (studied, for example, in [16] [17] [18] [19] [20] [21] ). Our analysis concerning these classes of poroelastic materials establishes spatial growth and decay rates, under convenient hypotheses upon the poroelastic coefficients. However, the dependence of the decay and growth rates on the constitutive profile of the material is complicated and the class of inhomogeneous poroelastic materials addressed in the analysis is not so easy to be characterized (at least in the generality considered in Section 6). For particular circumstances, our analysis leads to explicit results concerning the growth and decay rates, under explicit restrictions upon the constitutive profile. As an example, we consider a poroelastic material essentially characterized by + . (7.5) With these choices we have the estimates (6.23) and (6.27).
The spatial estimates presented in this paper can be made fully explicit by establishing, in terms of the given data, some appropriate bounds for the "amplitude" terms. We will discuss here the case of a homogeneous porous material occupying a finite strip. In this aim we will use an idea developed by Flavin [16] Consequently, we have obtained an explicit bound for the amplitude I(0) in terms of the given data specified on the edge
